In this letter, we derive the path integral action of a particle in κ-Minkowski spacetime. The equation of motion for an arbitrary potential due to the κ-deformation of the Minkowski spacetime is then obtained. The action contains a dissipative term which owes its origin to the κ-Minkowski deformation parameter a. We take the example of the harmonic oscillator and obtain the frequency of oscillations in the path integral approach as well as operator approach upto the first order in the deformation parameter a. For studying this, we start with the κ-deformed dispersion relation which is invariant under the undeformed κ-Poincaré algebra and take the non-relativistic limit of the κ-deformed dispersion relation to find the Hamiltonian. The propagator for the free particle in the κ-Minkowski spacetime is also computed explicitly. In the limit, a → 0, the commutative results are recovered.
The theory of general relativity describes the spacetime structure at the classical level and presents the notion of continuum spacetime. In contrast, quantum mechanics provides the behaviour of the physical system at the microscopic level, that is at very small length scales. These two profound theories of physics, which has changed the landscape of theoretical physics, have been very difficult to combine into a single theory. Attempts have been made in this direction to develop a unified theory and such theories are known as the quantum theories of gravity. Development of a consistent theory of quantum gravity is now one of the most active area of theoretical physics.
Noncommutative geometry provides a possible way to capture the spacetime structure at the quantum level. The noncommutativity of spacetime was first introduced by Snyder in 1947 [1] , with the aim of handling the UV divergences in quantum field theories. In this approach, coordinates of spacetime get quantized. This in turn leads to the modification of the symmetry of spacetime. One such deformed symmetry algebra that has attracted wide attention in the study of quantum gravity is the κ-Poincaré algebra and the associated spacetime is known as the κ-Minkowski spacetime [2] [3] [4] . This spacetime has emerged in the low energy limit of quantum gravity models [5] and is one of the examples of noncommutative spacetimes where the coordinates obey the following commutation relations
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where a µ (µ, ν = 0, 1, ..., n − 1) are real and dimensionful constants with a 0 = a ≡ 1 κ and a i = 0 for i = 1, 2, ..., n − 1. The coordinatesx i andx 0 are mapped to functions of x 0 , x i and ∂ 0 , ∂ i (which are coordinates of the commutative spacetime and their derivatives) [6] [7] [8] . Such a realization is given by [8] 
It is easy to see that coordinates obey [∂ µ ,x ν ] = Φ µν (∂). This realization can map the function of noncommutative spacetime to the function of the commutative spacetime. This can be seen first by defining the constant function annihilated by ∂ as the vacuum |0 ≡ 1 and defining [8] 
where the subscript ϕ specify the realization we are working with. In such class of realization, the form of the noncommutative coordinatesx i andx 0 satisfying the algebra (1) in terms of the commutative coordinates x i and x 0 can be written as [6] [7] [8] 
where A = −ia∂ 0 . The motivation of this letter is to carry out a path integral formulation of quantum mechanics in κ-Minkowski spacetime which has so far been missing in the literature. Such a formulation has been carried out in noncommutative quantum mechanics [9] [10] [11] [12] with a canonical structure of noncommutativity between coordinates, namely, [x,ŷ] = iθ. Our present investigation would therefore help us compare our results with those derived in [9] [10] [11] [12] and would give an insight about the intricacies of quantum mechanics formulated in κ-Minkowski spacetime. It should be noted, however, that we shall consider the nonrelativistic of the κ-deformed dispersion relation in our analysis. This in turn would incorporate the effects of κ-Minkowski spacetime on the non-relativistic Hamiltonian. The reason for doing this is that a path formulation with the relativistic Hamiltonian in κ-Minkowski spacetime is quite difficult to carry out technically.
The symmetry algebra of the κ-deformed spacetime known as the κ-Poincaré algebra in a classical basis reads
(8) This algebra can also be put in the form
The action of the generalized rotation generators M µν on the noncommuting coordinatesx µ keeping the Lie algebraic structure yields [7] , [8] [
Requiring the generators M µν to be linear in x and having an infinite series in ∂, leads to two set of solutions compatible with eq.(s)(9-12). One set is for ψ = 1 and the other set is for ψ = 1 + 2A. In this letter, we shall consider the first set which leads to
The twisted coproduct of the generators M µν are given by
The κ-Poincaré algebra defined in eq.(s) (7, 8) have the same form as the Poincaré algebra in commutative spacetime. But the generators of the algebra get modified due to the κ-deformation of the spacetime. In this letter, we shall use the κ-Poincaré algebra given in eq.(s) (7, 8) . The Casimir of this undeformed κ-Poincaré algebra,
The explicit form of the operator is given by
In the κ-deformed Minkowski spacetime, the dispersion relation is obtained from the Casimir by
where the momenta P 0 and P i are the κ-deformed momenta. Explicitly, the κ-deformed dispersion relation is given as [7] , [8]
In the limit a → 0, we get the dispersion relation in the commutative spacetime.
With the above formalism in place, we now proceed to formulate path integral in the κ-deformed spacetime. To begin with, we first take the non-relativistic limit of the κ-deformed dispersion relation given in eq.(21). This is done since the path integral formulation is easier to carry out in a non-relativistic setting. After straight forward calculation for the choice of ϕ(A) = e −A , we obtain the following form of the Hamiltonian
where
This is the free particle Hamiltonian upto first order in the deformation parameter a and p is the momentum in the commutative spacetime. To proceed further, we substitute eq.(s)(5, 6) in eq.(1) and assuming that ϕ(A) and ψ(A) are positive functions and satisfies
Now for the choice of ϕ(A) = e −A and ψ(A) = 1, we get γ = 0. This leads tô
Using eq.(s)(4, 25), we obtain [13]
where we have used A = −a∂ 0 . In writing the above relation, we have used the fact that ∂ annihilates the vacuum. Alternatively, one can also obtain the relation by using [8] (
It should be noted however that the correction term involving the κ-deformation parameter a in eq.(26) arises only if one assumes that the variables that one gets after quantization (eq. (4)) are time dependent.
From the above relation, we get
For simplicity, we shall now write the Hamiltonian (22) in one spatial dimension. In the presence of an arbitrary potential V (x), the Hamiltonian (22) can be written as
It should be noted that restricting to one spatial dimension still captures the effects of the κ-Minkowski spacetime on the non-relativistic Hamiltonian. Using Taylor series expansion, we get
This is the Hamiltonian of the system upto first order in the deformation parameter a. Here note that V (x) is the potential of the system in the commutative spacetime. We can now write the Hamiltonian for the harmonic oscillator (V (x) = 1 2 mω 2 x 2 ) upto first order in the deformation parameter a as
+ acm).(31)
We shall now proceed to construct the path integral for this Hamiltonian written down in the commutative coordinates. For that we require the momentum eigenstate |p satisfying
The following completeness relations are also crucial for the construction of the path integral dp |p p| = 1 (33) dx |x, t x, t| = 1.
The kernel can be written as
Now the propagator over the small segment in the path integral reads [14] , [15] x j+1 t j+1 |x j t j = x j+1 |e
Using eq.(30) in the above equation, we get
Substituting this in eq. (35), we obtain
In the limit τ → 0, the above expression for the path integral representation of the propagator can be written as
where the action S is given by
The above equation gives the action of a particle in the κ-Minkowski spacetime. The form of the action differs from that derived in [10] where the action for the particle was non-local in form with the non-locality owing its origin to the noncommutative parameter θ appearing in the commutation relation
From this action, we can write the Lagrangian of the particle to be
which upto first order in the deformation parameter a simplifies to
The equation of motion following from this Lagrangian reads
It is interesting to note that a dissipative term arises in the equation of motion due to the κ-deformation of the spacetime. But this dissipative term vanishes in the commutative spacetime, that is in the limit a → 0. We now solve this equation of motion for two simple cases, namely, the free particle and the harmonic oscillator. For the free particle (V = 0), the equation of motion isẍ = 0 which is the same as the commutative case, that is the κ-deformation of the spacetime does not affect the equation of motion. But mass of the particle gets modified due to the κ-deformation of the spacetime. Now we calculate the propagator for the free particle in κ-Minkowski spacetime. For this, we start from eq.(38) and set V = 0 to get
From straight forward calculation, we obtain the propagator for the free particle in κ-deformed spacetime as
(46) We make a few observations now. The form of the propagator is the same as in commutative spacetime [14] but the mass of the particle does get affected due to the κ-deformation of the spacetime. Further, we note that the free particle propagator has a simple form and differs from that obtained in the noncommutative space with a canonical structure [x,ŷ] = iθ between the spatial coordinates [9] , [10] . A possible reason for this could be the inherent difference between the noncommutative structures of the κ-Minkowski spacetime and the canonical noncommutativity between spatial coordinates. In the former case, the space and time coordinates do not commute whereas in the latter case, the spatial coordinates do not commute. We would also like to mention that the matrix elements, involved in the computation of the propagator in the κ-Minkowski spacetime, are between states in the commutative spacetime which is in contrast to those in [9] , [10] . This is done to simplify the analysis. We shall see in the subsequent discussion that the results obtained from this approach agree with those obtained from the operator approach upto first order in the deformation parameter a.
For the harmonic oscillator, V = 1 2 mω 2 x 2 . Using this potential in eq. (44), we find the equation of motion to bë
The solution of the above equation reads
and B is an arbitrary constant and
is the modified frequency due to the κ-deformation of the spacetime upto first order in the deformation parameter a.
We now proceed to obtain the frequency using the operator approach. The Hamiltonian (31) can be written as
Here
which in turn yields
upto first order in the deformation parameter a. We can now rewrite eq.(51) as
we have the following commutation relations
Introducing the annihilation and creation operators aŝ
and noting that [â,â † ] = 1, we find the number operator a †â to beâ †â = p ′2 + q
Using this in eq.(54), we finally obtain
This matches exactly with the result that we have obtained from the path integral approach upto first order in the deformation parameter a.
In this letter, we have carried out the path integral formulation of quantum mechanics in the κ-Minkowski spacetime. Starting from the κ-deformed relativitic dispersion relation, we have first taken the non-relativistic limit of this to obtain the κ-deformed non-relativitic Hamiltonian upto first order in the κ-deformation parameter a. With this Hamiltonian, we have then obtained the action of a non-relativistic particle moving in one spatial dimension for the generic potential in κ-Minkowski spacetime from the path integral representation of the propagator. From the action, we next obtained the equation of motion for the particle and observed that there is a dissipative term present in the equation of motion which owes its origin to the κ-deformed spacetime. This is one of the main findings in this letter. This term is absent in normal quantum mechanics. After that we studied the case of the free particle and the harmonic oscillator. In the free particle case, we computed the path integral propagator in the κ-deformed spacetime and noticed that only the mass of the free particle gets affected due to the κ-deformation of the spacetime. The free particle propagator also has a simple form and differs from the result found in the noncommutative space with a canonical structure [x,ŷ] = iθ between the spatial coordinates. We also mentioned a possible reason for this owing to the inherent difference between the noncommutative structures of the κ-Minkowski spacetime and the canonical noncommutativity between spatial coordinates. In case of the harmonic oscillator, we obtained the frequency and found that it gets modified due to the κ-deformation of the spacetime. The result turns out to be the same as the κ-deformed frequency of the harmonic oscillator upto first order in the κ-deformation parameter a computed using the operator approach. 
